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Abstrat
A lower bound estimate λ2 − λ1 ≥ c (λ1)− dα (diamD)−d−α for the
spetral gap of the Dirihlet frational Laplaian ∆
α
2
on arbitrary
bounded domain D ⊆ Rd is proved. This follows from a variational
formula for the spetral gap ([12℄) and an upper bound estimate for
the supremum norm of the ground state eigenfuntion.
Introdution and main results
Isotropi stable proesses and frational Laplaian have long been studied
as interesting generalizations of the Brownian motion and its generator ∆.
Although jumping nature of stable proesses of index α ∈ (0, 2) and non-loal
harater of ∆
α
2
might suggest that their theory is quite dierent from the
lassial one, this is not the ase. Reently muh eort was made to obtain
analogues of lassial results onerning Dirihlet Laplaian, killed Brownian
motion and harmoni funtions in this frational setting. A large part of
this work has already been done. It turned out that not only many statements
remain true when the Brownian motion and ∆ are replaed by the isotropi
stable proess X(t) and ∆
α
2
with α ∈ (0, 2), but some an even be proved
with muh weaker regularity assumptions.
Consider, for instane, the so-alled intrinsi ultraontrativity. It has
been proved that the transition semigroup of the proess X(t) killed upon
exiting an arbitrary open and bounded set D is intrinsially ultraontrative,
∗
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see [14℄, Theorem 1. This is false when the Brownian motion is onsidered,
unless some regularity of the domain D is assumed, e.g. that D is a bounded
and onneted Lipshitz domain, f. [11℄, Theorems 9.1 and 9.3.
Among many other onsequenes, intrinsi ultraontrativity implies that
the spetral gap determines the rate of onvergene of transition density of
the killed proess to its ground state distribution. Hene, besides being in-
teresting itself for analyti reasons, the estimates for the spetral gap have
important probabilisti onsequenes. In this paper a lower bound is estab-
lished for the spetral gap of the Dirihlet frational Laplaian on an arbi-
trary bounded domain in R
d
in terms of its diameter and the ground state
eigenvalue. Clearly this result does not have a lassial ounterpart, sine
the spetral gap of the Dirihlet Laplaian on a (onneted) domain may be
arbitrarily small while its ground state eigenvalue as well as the diameter of
the domain are bounded away from 0 and ∞.
Let us briey reall some basi denitions. The isotropi stable proess
of index α ∈ (0, 2) is a (pure jump) Lévy proess X(t) with Fourier tranform
E0 exp(−i 〈z,Xt〉) = exp(−t |z|α); Px and Ex stands for the probability dis-
tribution of the proess starting at x and the assosiated expeted value. The
isotropi stable proess of index 2 is the Brownian motion. The innitesimal
generator ∆
α
2
of X(t) is given by
∆
α
2 f(x) =
2α Γ(d+α
2
)
pi
d
2 |Γ(−α
2
)|
lim
εց0
∫
B(x,ε)c
f(y)− f(x)
|y − x|d+α dy ,
and is dened for an appropriate lass of funtions f . The symbol ∆
α
2
is
short for (−(−∆)α2 ), where the frational power should be understood in
terms of positive denite unbounded operators ating on L2(Rd). The book of
Dynkin ([13℄) is an exellent introdution into the theory of Markov proesses.
See also [15℄ for more spei information on Lévy proesses and [7℄ for
information and referenes onerning isotropi stable proesses.
Let D be an open and bounded subset of Rd. Consider the Dirihlet fra-
tional Laplaian on D, i.e. the negative Friedrihs extension of the operator
mapping f ∈ C∞c (D) to (−∆
α
2 f) 1D. This is a generator of the isotropi sta-
ble proess killed upon exiting D. It follows that there exists an orthonormal
family of its eigenfuntions ϕn ∈ L2(D), orresponding to a noninreasing
sequene of negative eigenvalues (−λn), see [10℄. All eigenfuntions are on-
tinuous on D and bounded. The rst eigenvalue is simple and, regarded as a
funtion of the domain, monotone inreasing in D. The orresponding eigen-
funtion ϕ1, alled the ground state eigenfuntion, may be hosen positive
on D. Spetral gap is the dierene (λ2 − λ1). As it was mentioned above,
2
it desribes how the transition density pDt of the killed proess onverges to
the ground state eigenfuntion. More preisely,∣∣eλ1t pDt (x, y)− ϕ1(x)ϕ1(y)∣∣ ≤ C e(λ2−λ1)t ϕ1(x)ϕ1(y)
for t ≥ 1, with some onstant C dependent on α and the domain D.
Theorem 1. Let ϕ1 be the ground state eigenfuntion of the Dirihlet fra-
tional Laplaian ∆
α
2
of any index α ∈ (0, 2) on an open and bounded set
D ⊆ Rd, d ≥ 1. Denote by (−λ1) the orresponding eigenvalue of ∆α2 . Then
supϕ1 ≤ c (λ1) d2α (1)
with a onstant c dependent only on the dimension d and index α.
From the proof of the theorem it follows that the onstant is given by
c = pi−
d
4
√
2dΓ(d
2
)
(
4 Γ(d
2
)
α 2α Γ(d+α
2
) Γ(α
2
)
) d
2α
.
In partiular, for the Cauhy proess (α = 1) in Rd the onstant c equals 2
when d = 1 and 8pi−
3
2 ≤ 1.44 when d = 2. Notie that Theorem 1 is also
valid for the Dirihlet Laplaian on onneted domains.
Theorem 2. Denote by (−λ1) and (−λ2) two greatest eigenvalues of the
Dirihlet frational Laplaian ∆
α
2
of index α ∈ (0, 2) on an open and bounded
set D ⊆ Rd, d ≥ 1. Then the spetral gap
λ2 − λ1 ≥ c˜
(λ1)
d
α (diamD)d+α
(2)
with a positive onstant c˜ dependent only on the dimension d and index α.
As in the ase of Theorem 1, the onstant is given by an expliit formula
c˜ =
2α Γ(d+α
2
)
c pi
d
2 |Γ(−α
2
)|
.
When α = 1, the above redues to c˜ = 1
2pi
≥ 0.159 if d = 1 and c˜ =
√
pi
16
≥ 0.11
if d = 2. It is worth noting that without further assumptions on the domain
D, the degree of the estimate (2) is optimal. This will be shown after proving
Theorem 2.
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Proposition ([2℄, Corollary 2.2). Suppose that D is an open and bounded
superdomain of a ball B(x, r) ⊆ Rd, d ≥ 1. The ground state eigenvalue
(−λ1) of the Dirihlet frational Laplaian ∆α2 on D, α ∈ (0, 2), satises
λ1 ≤
α (α+ d
2
)
√
pi Γ(α
2
) Γ(α+ d
2
)
(a+ d) Γ(1+α
2
) Γ(d
2
)
r−α . (3)
A proof of this easy result (valid also for Dirihlet Laplaian on onneted
domains) an by found at the end of the artile. For an arbitrary open and
bounded set D, Theorem 2 and Proposition yield a numeri lower bound for
the spetral gap of the Dirihlet frational Laplaian on D. For instane, let
α = 1. For the interval D = (−1, 1) the spetral gap exeeds 1
3pi2
≥ 0.033.
For the unit disk in R
2
the lower bound equals
3
256
√
pi
≥ 0.0066 and for the
square D = (−1, 1)2  3
512
√
2pi
≥ 0.0023. These numbers are far away from
exat values, e.g. it is known that the spetral gap (λ2−λ1) of ∆ 12 on (−1, 1)
is greater than λ1, whih in turn exeeds 1, see [2℄, Theorem 5.3 and its proof.
From the other hand, the other two numeri estimates are better than any
other known results, despite the emphasis of Theorem 2 is on onsidering
general open and bounded domains.
IfD is a onvex planar domain symmetri with respet to both oordinate
axes, then the spetral gap is greater than a onstant multiple of (diamD)−2.
Also preise asymptotis of (λ2−λ1) (with very rough onstants) are known
for retangular domains, see [12℄, Theorems 1.2 and 1.4.
From [9℄, Example 5.1 it follows that the spetral gap for a onvex and
bounded domain D is not less than 1
2
(λ˜2)
α
2 − (λ˜1)α2 , where (−λ˜n) is the nth
eigenvalue of the lassial Dirihlet Laplaian on D. However, this lower
bound is non-positive whenever α ≤ log 4/ log(λ˜2/λ˜1). Aording to [1℄, the
ratio of λ˜2 to λ˜1 attains maximum equal to (j d
2
−1,1)
2/(j d
2
,1)
2
when D is a
ball, jp,k being the k
th
positve zero of the Bessel funtion Jp. Therefore the
estimate mentioned above is void in all dimensions d ≥ 4, and even on the
real line it is nontrivial only for α > 1.
Theorem 2 is hene new even for many onvex, non-symmetri domains in
R
2
, though it is ertainly not optimal in this ase. Furthermore it is also valid
for arbitrary open and bounded sets, demonstrating the dierene between
lassial and frational results mentioned in the rst paragraph. The proof
of Theorem 2 avoids most of tehnial diulties met in [5℄, [12℄ and results
onerning Dirihlet Laplaian, as it does not depend on geometri properties
of the domain, suh as onvexity, onetedness or regularity of boundary.
There are many open problems onerning the shape of the ground state
eigenfuntion and the spetral gap. In [4℄, [5℄ and [12℄ some very basi ques-
4
tions for onvex domains are stated. For general open and bounded domains
it would be interesting to desribe the behaviour of level sets of the ground
state eigenfuntion ϕ(x), as they play an important role in the proof of The-
orem 1 (see (4)). A better insight into the properties of ϕ might also lead to
more subtle versions of Theorem 2.
Proof of the results
For an open and bounded D let τD = inf{t ≥ 0 : X(t) /∈ D} be the
rst exit time. Sine D is bounded, τD is nite a.s. Denote by ω
x
D the
α-harmoni measure of D, i.e. the distribution of X(τD). Let GD be the
Green's funtion of D for the proess X(t), that is the kernel funtion of the
Green's operator GDf(x) = Ex
∫ τD
0
f(Xt) dt for ontinuous f . From analyti
point of view, GD the inverse of the Dirihlet frational Laplaian. Dene
sD(x) =
∫
GD(x, y) dy, so that ∆
α
2 sD = −1 on D. The probabilisti meaning
of sD is the expeted value of the exit time τD, sD(x) = ExτD. For the unit
ball, sB(0,1)(x) = 2
1−α Γ(d
2
) (αΓ(d+α
2
) Γ(α
2
))−1 (1 − |x|2)α2 , x ∈ B(0, 1). From
saling properties of ∆
α
2
and Xt it follows that srD(x) = r
α sD(
x
r
), rD being
the dilation of D.
The following isoperimetri-type result is a standard one; |E| denotes the
Lebesgue measure of E.
Lemma. Let D ⊆ Rd be open and bounded and α ∈ (0, 2). Suppose that
B = B(0, r) satises |B| = |D|. Then sD(x) ≤ sB(0) for all x ∈ D.
Proof. With no loss of generality assume that x = 0. By Tonelli's theorem,
sD(z) =
∫∞
0
Pz(τD ≥ t) dt. Let pt(x) be the transition density of X(t). Then
P0(τD ≥ t) = lim
n→∞
P0
(∀ 1 ≤ i < n t : X( i
n
) ∈ D)
= lim
n→∞
∫
· · ·
∫ ⌊n t⌋∏
i=1
1D(xi) p 1
n
(xi − xi−1) dx1 ... dxn
with x0 = 0. Sine pt is a radial monotone dereasing funtion and the
radial monotone dereasing rearrangement of 1D equals 1B, an appliation
of the Brasamp-Lieb-Luttinger inequality (see [8℄, Theorem 3.4) yields that
P0(τD ≥ t) ≤ P0(τB ≥ t). Lemma follows.
As a result of intrinsi ultraontrativity, eλ1tPx(τD ≥ t) has a nite and
positive limit ϕ1(x)
∫
ϕ1(y) dy, where (−λ1) and ϕ1 are the rst eigenvalue
and the ground state eigenfuntion of ∆
α
2
on D respetively. Hene the
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inequality established in the proof of Lemma implies a similar isoperimetri-
type result for λ1: Among the sets of a xed Lebesgue measure the ball
has the greatest rst eigenvalue (−λ1). The same argument yields analogous
results in the lassial ase.
Proof of Theorem 1. For simpliity, denote ϕ = ϕ1, λ = λ1 and M = supϕ.
Let U = {x ∈ D : ϕ(x) ≥ M/2}. By ontinuity of ϕ on D, the set D \ U
is open. Dynkin's formula (see [13℄, Corollary to Theorem 5.1; also f. [15℄,
Exerise E.22 and [6℄, p. 67) yields
ϕ(x) =
∫
D\U
ϕ(y)ωxU(dy) + λ
∫
U
GU(x, y)ϕ(y) dy , x ∈ U .
Sine 0 ≤ ϕ ≤M/2 on D \ U and M/2 ≤ ϕ ≤M on U ,
λ
M
2
sup sU ≤ supU ϕ ≤
M
2
+ λM sup sU .
Reall that supU ϕ = M . Hene
1
2
≤ λ sup sU ≤ 2 . (4)
The inequality (M/2)2 |U | ≤ ∫
U
(ϕ(x))2 dx ≤ 1 yields that M ≤ 2 |U |− 12 .
Observe that sup sU is estimated by |U |. Indeed, aording to Lemma, among
all open sets of a xed Lebesgue measure the ball has the greatest supremum
of the expeted value of exit time. It follows that
|U | ≥ C (sup sU) dα
with C = (sB(0,1)(0))
− d
α |B(0, 1)|. Hene
M ≤ 2 |U |− 12 ≤ 2C− 12 (sup sU)− d2α .
The proof is ompleted by ombining this with the lower bound of (4).
Proof of Theorem 2. Let ϕ1 and ϕ2 denote the ground state eigenfuntion
on D and an eigenfuntion orresponding to the seond greatest eigenvalue
(−λ2) respetively. Reently Dyda and Kulzyki proved that the spetral
gap is given by the variational formula (see [12℄, Theorem 1.1)
λ2 − λ1 = C inf
f∈F
∫∫
(f(x)− f(y))2
|x− y|d+α ϕ1(x)ϕ1(y) dx dy ,
F =
{
f :
∫
(f(x)ϕ(x))2 dx = 1 ,
∫
f(x) (ϕ(x))2 dx = 0
}
.
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Here C = 2α−1 pi−
d
2 Γ(d+α
2
) |Γ(−α
2
)|−1. In addition, the inmum is attained
for f = ϕ2
ϕ1
.
For simpliity, denote R = diamD. Estimates |x − y| ≤ R and ϕ(z) ≤
M = supϕ, and the assertion following the variational formula yield
λ2 − λ1 ≥ C
Rd+αM2
inf
f∈F
∫∫ (
ϕ2(x)
ϕ1(x)
− ϕ2(y)
ϕ1(y)
)2
(ϕ1(x)ϕ1(y))
2 dx dy .
Sine ||ϕ1||2 = ||ϕ2||2 = 1 and 〈ϕ1, ϕ2〉 = 0, the double integral equals 2, so
that
λ2 − λ1 ≥ 2C
Rd+αM2
.
An appliation of Theorem 1 ompletes the proof.
Consider the set D = B(−a, 1)∪B(a, 1), where a = (r, 0, ..., 0) and r > 2.
Sine D is symmetri with respet to the reetion hanging the sign of the
rst oordinate, so is ϕ1. By the variational formula with f = 1B(a,1)−1B(−a,1)
and by Theorem 1,
λ2 − λ1 ≤
∫
B(−a,1)
∫
B(a,1)
8C
rd+α
ϕ(x)ϕ(y) dx dy ≤ C ′ (λ1) dα r−d−α .
The onstant C ′ depends only on d and α, and λ1 does not exeed the
ground state eigenvalue of (−∆α2 ) restrited to the unit ball (reall that λ1
is a dereasing funtion of the domain). This implies that the degree of the
estimate (2) annot be improved, justifying the note following Theorem 2.
Proof of Proposition. Observe that
〈−∆α2 f, f〉 ≥ λ1||f ||22 for any f ∈ L2(D).
Let f = sB(x,r), so that ∆
α
2 f = −1 on B(x, r). The expliit formula for sB(x,r)
and integration in spherial oordinates yield
λ1
∫ r
0
td−1 (r2 − t2)α dt ≤ 2
α−1 αΓ(d+α
2
) Γ(a
2
)
Γ(d
2
)
∫ r
0
td−1 (r2 − t2)α2 dt .
Estimate (3) follows by a hange of variables s = t
2
r
and beta integration.
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